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A numerical-variational procedure for laminar flow in
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SUMMARY

A new numerical method is presented for the solution of the Navier—Stokes and continuity equa-
tions governing the internal incompressible flows. The method denoted as the CVP method consists in
the numerical solution of these equations in conjunction with three additional variational equations for
the continuity, the vorticity and the pressure field, using a non-staggered grid. The method is used for
the study of the characteristics of the laminar fully developed flows in curved square ducts. Numerical
results are presented for the effects of the flow parameters like the curvature, the Dean number and the
stream pressure gradient on the velocity distributions, the friction factor and the appearance of a pair
of vortices in addition to those of the familiar secondary flow. The accuracy of the method is discussed
and the results are compared with those obtained by us, using a variation of the velocity—pressure linked
equation methods denoted as the PLEM method and the results obtained by other methods. Copyright
© 2004 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The flow through curved ducts is extensively used in industrial applications and particularly
in various heat and mass transfer apparatuses, heat apparatus, aircraft intakes and in blood
flow through the arteries. The flow in curved ducts is characterized by the secondary flow
which is developed in the cross-sectional plane normal to the axial direction, from the action
of the centrifugal force. Analytical efforts for the solution of the problem have been carried
out by Dean [1], Mc Conaloque et al. [2], Greenspan [3], Srivastava [4], Topakoglou et al.
[5], using perturbative techniques and by Mori et al. [6,7] using integral methods for small
and large Dean numbers. The extension of these approximated dynamical results to the study
of heat transfer yielded equally approximated results. Experimental results have been obtained
by Ito [8] and Balejova et al. [9].
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However, detailed studies for the effects of the main parameters like the curvature x, the
Dean number, the Reynolds number and the axial pressure gradient on the curved flow, have
been carried out computationally applying various numerical methods. The fully developed
incompressible laminar flow in curved rectangular ducts has been studied numerically by
Cheng et al. [10], Hwang et al. [11], Ghia et al. [12] and Kamiyama [13] within the stream
function-vorticity formalism by Dong and Ebadian [14] and Thangam and Hur [15] applying
the SIMPLE method and by Duh et al. [16] studying the fully developed flow in curved chan-
nels of inclined cross-sections using primitive variables. More information about the internal
flow in curved ducts with circular, and rectangular cross-sections are found in the review
article published by Berger et al. [17].

Various numerical methods have been implemented for the study of internal flows. Nu-
merical methods based on the vorticity-stream function formalism are appropriate for two-
dimensional flow problems but they cannot easily be generalized to three-dimensional problems
or to problems with curvilinear co-ordinate systems. On the other hand numerical procedures
based on the pressure linked equations of the velocity primitive variables, like the MAC or
SIMPLE methods, are based on the adoption of staggered grids for the avoidance of spuri-
ous oscillations from the solutions, increasing substantially the mathematical difficulties and
particularly in problems of complex geometries.

The objective of this work is the application of a new numerical method developed by us
[18,19] which in addition to the continuity and momentum equations, involves an additional
set of variational representations of the continuity, vorticity and pressure equations and is
denoted, by their acronym, as the CVP variational method. The predictions and accuracy of
the method, are examined studying the incompressible fully developed laminar flow in curved
ducts. The advantages of the method are the use of a non-staggered grid for primitive variables
without the introduction of spurious oscillation in the solutions and its easy application to
problems of complex geometries. For a better understanding of the proposed method, our
CVP results are compared with the results obtained also by us, applying a variation of the
pressure linked equation methods, denoted as the PLEM method, incorporating also a non-
staggered grid. Our results are also compared with those obtained by other methods.

2. PROBLEM FORMULATION

We consider a curved square duct of width a and radius of curvature R, with respect to a
Cartesian reference system (X, Y,Z), the co-ordinates of which are transformed to the toroidal
co-ordinate system (s’,x’, y") as shown in Figure 1 via the relations

X=(R.—x)cos(s'/R.), Z=(R.—x")sin(s'/R.), Y=y (1)

The velocity V' = (u},u},u5) where u} and u),u) are the axial and transverse components
along the directions s’ and x’, ', respectively, and the pressure p’ satisfies the momentum
Navier—Stokes and the continuity equations. In the fully developed laminar incompressible
flow the pressure gradient varies only along the cross-section of the duct, while it is constant
along the axial direction. Thus, the pressure splits into two terms p' = p*(s') + p/(x', ")
where the pressure gradient p? =0Jp®/0s’ in the axial direction, is considered as constant.
Besides, the axial derivatives of the velocity components are considered negligible.
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Figure 1. Co-ordinates and physical configuration.

In terms of the non-dimensional variables and parameters

x y s uja uba uta
X = sy V=" §=—, ulzL: MZZLa Uz = 3
a a v v v
(2)
r I'u , o a 1 ' 1
= — = K=Kd—=— J: :J =
p pv?/a?’ pa®’ R 1 — kx 1 —K'x

where ¢’ is the time, v is the kinematic viscosity, k the curvature. Defining dp/0x = p, and
0p/dy = p, the non-dimensional governing equations of the problem take the following form:
Continuity equation

8142 8u3 -
E ﬁ — KJUZ =0 (3)
The s-momentum equation
Ou;  O(uyup)  O(uzuy) Fuy Py ou, 22
an ) ——Jp? bl Y St 4
r + pe + By KJuyus Jps + ) + 3y KJ e K°J uy 4)
The x-momentum equation
ouy  O0us . O(usup) 5 5 Puy,  Puy Ouy -
— + = Jui — ks =—pr+ — + — —kJ— —K°J 5
ot Ee 3y + kJui — kJu; Dx+ o + 5 K e K°J u, (5)
The y-momentum equation
Ous  O(upus) . 0u3 B Puy Ot Ous
W_‘_ o +E—KJu2u3——py+W+Ty2—KJ§ (6)

The symmetry of the flow along the x-axis permits the solution domain to be restricted to the
upper half of the cross-section. Therefore, the associated boundary conditions are

u; =up; —u3 =0 at the wall, 6;;2 = 6;; =u3 =0 along the x-axis, y=0 (7)
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Another important quantity is the non-dimensional product of the friction factor f and the
Reynolds number Re which is given by the expression

a 12 172

fRe:2U1v a@i , Uavzulm:%/o /_1/2u1dxdy (8)
where S = a? is the cross-section urea, uy,, is the dimensionless average axial velocity, Re = uy,
D;/v="U,, is the Reynolds number and Dy =a is the hydraulic diameter.

The quasi-linear, second-order partial differential equations are discretized and solved nu-
merically by a time marching algorithm, calculating the velocity components and pressure at
the n+ 1 time level from their corresponding values at the #n level. The algorithm consists of
two steps. At the first step, the axial momentum equation (4) will be solved alone, iteratively
with respect to the axial velocity u;, for prescribed values of the axial pressure gradient pi
and curvature x, using zero transverse velocities u, and u;. The obtained solution will be
used as the u; profile at the n=1 time level. At the second step, Equations (5) and (6) will
be solved with an additional set of equations for the determination of u,, u; and pressure p
at the n + 1 time level, using the proposed CVP computational method. The obtained values
are inserted successively into Equation (4) and the system of the involved equations for the
calculation of the improved u,,u;,u; and p at the n+ 1 level and the overall iteration of the
system is repeated until convergence is achieved.

The detailed solutions of Equations (3)—(6) with our proposed CVP method and the PLEM
scheme, which is a variation of the pressure linked equations, are described in the next section.

3. CALCULATION PROCEDURES

3.1. The CVP method

In the CVP method the system of Equations (3)—(6) under the boundary conditions (7) will
be solved with a time iterative procedure where, for simplicity, the system of Equations (4)-
(6) is linearized by lagging the coefficients. At first, for a given axial pressure gradient
pt=0p*/0s and curvature x, the best initial profile for the axial velocity u; is obtained
solving Equation (4) alone, with the ADI method, using zero transverse velocities u, and us.
Then, knowing the axial velocity u; at the n=1 level, the profile u’f“ at each successive
time level n+ 1 is calculated, for the given values of the parameters x and p? =0Jp?/ds, from
Equation (4) which is written as

au?ﬂ n+1 n+] n, n+l du n+l 272 n+] a
o +A1(uy) — — kJusui" +xkJ —— 6 + Kk Ju —Jpd 9)
A (I/l +1) a(uguiﬂrl) a(u3 +1)
Ox Jy

where ou ™ /ot = (uft" — u)/At and V2= 0?/0x? + 0%/0y>.
Defining p> = py, p3=p, the correspondlng transverse linearized momentum equations
take, respectively, the forms

n+1
ou

Ot

n+1
ou;

+A2(u;1+1) vZ n+1 +KJ a

+KJ(ul)? = —pit! (10a)
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where
a unun+1 o(u” n+1
Az(u§+1): ( 26x2 ) ( 3ay )7KJM£' n+1 +K2J2 n+1
aunJrl aunJrl
63 + A3ty = V2t KJ (;x = pit! (10b)
where
A (un+1 a(ugugﬂ) a(u3 +1) KJugug’“

Ox dy

Substituting the relations

Wyt = s+ ouy, Pt =p" 4 0p (an
Wit = ui 4 ous, phTt=pp+op, b=2.3
into (9), (10a) and (10b) the equations are splitted in two parts, the system
0u; i+ kg P2 g Y= — (12)
ot 6
ouj ouj
S s() VA 41 G = (13)
where
Ar(uz) = 5(u2u2) 5(?}1}42) KJuyu; +K2J2 (14a)
o O(ubuy)y  O(ufuy)
As(u3y) = 6x3 + 63y3 — kJujuj (14b)

and the pressure gradient correction equations, which defining /> =0p., f3=0p,, take the
form

00u, 0ou,

6 —|—A2(5u2) V25u2 +rJ —= Ox _5px - _f2 (15)
% + A3(duz) — V26us + KJagu3 =—0p,=—13 (16)

The terms A,(du,) and A3(dus) are obtained from (14a) and (14b) replacing u5 and uj by
ou, and dus, respectively.

Solving Equations (12) and (13) for known values of the terms py and p} we obtain the
estimated components 5 and »§ which do not satisfy the continuity equation (3).

In our CVP method, for the determination of the corrections du, and dus a system of varia-
tional equations is required which is constructed as follows. At first the continuity variational
equation is obtained from (3) using (10) so that

65142 + 85u3
Ox dy

*

ous  Ou .
24 0;) + xJuj (17)

— kJou, =G where G:< =
Ox
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Secondly differentiating (16) and (15) with respect to x and y, respectively, and subtracting
the produced equations, the vorticity variational equation is obtained. Substituting into the
produced equation, the vorticity correction dw defined by

o - - 65113 65142
V x oU = o = dwk, 50)_W_W (18)
and neglecting the terms depending on k? and the quantity (0A43(du3)/dx — 0A2(duy)/0y) as
particularly small, the vorticity variational equation is obtained which takes the form
0dw 00w dw

00w
2 2
o Vidw + kJ 3 =0 or V:éw—-KJ P ; 0 (19)

considering that 00w/t = (6" — dw™)/ At = dw/At where dw" = 0. Equation (19) is solved
with the boundary condition
S0, — (65143 _ 651/[2)‘

Ox dy

where ¢ is the contour enclosing the cross-section area. Solving the system of Equations (17)
and (18) in conjunction with Equation (19) we could evaluate the corrections du, and Ous.
However, the solutions of the first-order partial differential equations cannot satisfy all the
boundary conditions Jdu, =ou; =0 at the walls, because in that case the equations should
be over-determined. For dealing with this problem we can use a theorem which has been
proved by us in References [18,19] and instead of solving (17) and (18), we can solve an
equivalent system of second order partial differential equations. These equations are obtained
differentiating (17) with respect to x and y and expressing the first and mixed derivatives,
using (18), in terms of dw.
Hence in our method instead of (17) and (18) we solve the equations
dous  0G = dow

2 i _ -
Vidus — kJ pm 3y + pm KJow (20)

. d(Jouy) _ 0G  dow

A

Ox x 0y

vgél/lz —

(21

under the boundary conditions

ouy; = ouz =0 at the wall

% = du; =0 at the x-axis, y=0 (22)
dy
For the restriction of the numerical violation of the theoretical equations (17) and (18),
calculated using the solutions of equations (20) and (21), we apply the following technique.
At first solving (20) we obtain du;. Consequently, calculating the second-order derivative of
ou, with respect to its non-parallel co-ordinate y from (18) and substituting its value into
(21), we obtain the Poisson equation

0%0uy B Ka(Jéug) _ 6£ 3 @ 0 here 0 — % ou, _ 0*dus B 00w
0Ox? ox  Ox 0y W 0y Oyox oy

under the boundary conditions (22).

(23)
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Substituting du, and Jdus into (15) and (16), the pressure gradient correction functions
f> and f3, are evaluated and the pressure correction dp is obtained solving the pressure
variational equation

3.00py,  3.0f% 2dp  35p
25p = = -0 h ZE_ZPF g at the wall and 24
VC p h;z aXb b=2 8xb where ox ay the x-axis, y=0 ( )

Substituting du,, dus, dp and the calculated derivatives dp, and Jp, into (11) we obtain
at the n 4+ 1 time level the required quantities, which satisfy also the continuity equation.
Substituting u{*',u5 ™, uf*" and pit!, pit! at the place of the corresponding variables at the
time level n, the iteration is repeated until convergence is achieved.

We consider three versions of the method denoted CVP(i), CVP(ic) and CVP(r). The
CVP(i) version concerns the irrotational correction of the velocity components so that dw = 0.
In this case the algorithm is simplified as Equation (19) is not involved, while Equations (20)—
(23) are simplified. In this version the convection and diffusion terms are also neglected from
the pressure gradient correction equations (15) and (16). The CVP(ic) version is also an
irrotational version like the CVP(i); however, the diffusion terms in Equations (15) and (16)
are taken into account. The CVP(r) version concerns the rotational correction of the velocity
components, dw # 0. In this case also only the diffusion terms in Equations (15) and (16) are
taken into account.

3.2. Computational algorithms of the CVP method

The computational algorithms of the irrotational CVP(i), CVP(ic) and the rotational CVP(r)
versions differ substantially. In the irrotational algorithm Equation (19) and the terms of
Equations (20)—(23) depending on dw and its derivatives are omitted. Thus, at each n + 1
time level only the two Poisson equations (20) and (23) are solved for the determination of
5u2 and 5u3.

In the rotational algorithm, the solution of (19) for éw depends on the boundary, from the
values of the partial derivatives of ou, and du; which initially are unknown. Thus, at each
time level n+ 1, the system of the three Poisson equations (19), (20) and (23) is solved with
an internal iterative procedure setting initially ow.=0 at the boundary, until convergence is
achieved.

It is noted that before starting the iterative procedure, the initial parabolic profile for the
axial velocity u; at n=1, is obtained solving Equation (9) alone, for the given values of
the parameters x and p?, with u; =u3 =0, using the ADI method. Then knowing the axial
velocity u; at the n=1 level, the profile u!*! at each successive time level n+ 1 is calculated
from Equation (9), taking into account the calculated transverse velocities.

The CVP-methodology is summarized at each n + 1 time level as follows:

1. The axial component /" is obtained from (9) for a given p* and the first estimations

for the transverse components u; and u; are obtained from (12) and (13) for known
values of Dxs Py, us, Uy and uj. For n=1 we define p,= p, =0, up =u3 =0, while u; is
already known. Equations (9), (12) and (13) are solved with the two-dimensional ADI

method.
2. At each n+1 level, in the CVP(r) version, an internal iterative procedure is applied with
index m=0,1,2,... . For the calculation of ow, from (19), its value on the boundary

is needed. Initially at m =1 the derivatives of ou, and du; are not known so we define
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ow.=0. For m=2,3...,0w,. is calculated from the known values of du, and dus;. In
the irrotational case dw =0, thus Equation (19) and the internal iteration procedure are
omitted.

3. The corrections du; and Ju, are obtained from (20) and (23). For dw # 0 we go back
to step 2 and the internal procedure is repeated until convergence is achieved.

4. The functions f|=0Jpy, f>»=0p, are obtained from (15) and (16).

5. The correction dp is obtained from (24).

The values of ujt',us™!, p"1 pi™! (b=x, y) are provided by (11). Inserting these quantities

into equations or step (1) the time iteration procedure is repeated.

3.3. PLEM-method

This methodology is a variation of the method developed by Hirt ez al. [20] within the
framework of MAC formalism, however, applying a non-staggered grid. In this method the
momentum equations are linearized by lagging the coefficients and the axial velocity u!"™" at
the time level n+1 is calculated for a known p? by Equation (9). Using relations (11), at each
time level n + 1, the first estimated values for the transverse velocities uj,u} are evaluated
solving Equations (12) and (13) for known values of p; and p. Then the corrections ou,

and ous satisfy the approximated equations.

0ou, ouy  0op  Qous _duz  0Op

o CAT T a CA ay (232)
or
" . dp . ddp
u2+1 :T/lz — A[E, u3+1 :u3 — At E (25b)

Substituting (25b) into the continuity equation (3), the equation for the pressure correction
Op is obtained

V2op 1y 0P _ 1 (a(;j + aa”; - xJu;) (26)

ox At
subjected to the boundary condition V p-n= at the wall and the symmetry x-axis, y =0. Using
the solution of (26), the pressure is given by p"*!'= p" + dp and the velocity components
ujt! and uit! are determined by (25b). Inserting these values in place of those at the nth
time level, we continue the iterative procedure.

4. NUMERICAL DISCRETIZATION AND ACCURACY

For the solution of the equations within the finite-difference formulation a collocated uniform
grid is used, where velocity components and pressure are defined at the same nodes. Thus
if the required variables are represented by the dummy variable ®, at each grid point ¢,, x;,
v, (n,1,j=1,2,...,N,I,J) they are denoted as 7 ik The time derivatives are approximated by
two-point backward differences while the space derivatives are approximated by three-point
central differences at the internal nodes of the flow region and one-sided three-point formulas,
of second-order of accuracy, at the boundary nodes. It must be emphasized that the functions
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G, Q, f», f3 must be evaluated as functions at all interior and boundary nodes before their use
in Equations (17) and (20)—(24). In the CVP and PLEM methods Equations (9), (12) and
(13) are solved using the ADI iterative method. The involved Poisson equations are solved
with the successive overrelaxation (SOR) iterative algorithm.

4.1. Criteria for convergence

The ADI algorithms have been solved with a time step A¢ which satisfies the condition

1 (Ax? + Ay?)

At ———= 27
for ensuring that the numerical results should not be affected by the doubling or tripling of
At by more than 1%.

The applied iterative procedure is repeated until the following convergence criterion is
satisfied.
1/2

<e=5x10"7° (28)

1 1J ((I)n+1 _ q)n)z
J =152 (@)

where 1,J are the grid nodes along the x- and y-axis, respectively. ® stands for u;, u, and
us. In the rotational version CVP(r), at each n + 1 level, the internal iteration procedure is
repeated until the following convergence criterion is satisfied:

1 n+1 I m 1 m+1
_Zléw — 'Zl ow _Z] ow <ep (29)
ij= ij= ij=

where ow stands for Ju, and du;. The optimal values for e, are of the order of 0.5. The
iterations do not exceed the numbers m =2 or 3 except for the first few time iterations.

Each of the involved Poisson equations is solved with the SOR iterative algorithm, using
values around the optimum relaxation parameter A=2/(1 + /1 —A3) where /o=
{Ay?cos(n/q1) + Ax?sin(n/q2)}/(Ax* + Ay?) with g;=1 — 1 and ¢;=J — 1. The SOR
algorithms were repeated until convergence criterions similar to that of (28) were satisfied
with ® standing for dw, du,, du; and dp. However, the velocity and pressure Poisson equations
were solved with e; =0.05 and 0.5, respectively.).

It is clear that the reduced accuracy of the Poisson equations and of the internal iteration,
does not affect the accuracy of the method which is governed by criterion (28), but reduces
drastically the time of convergence.

The convergence criterion for the PLEM scheme is given by (28).

4.2. Numerical accuracy

The effect of the grid size on the results for the product f.Re, obtained with the CVP(i),
CVP(ic), CVP(r) and PLEM methods, for flows with Dean number De =55, p®=—19.000
and curvature k =0.01, is shown in Table I. Similar results are presented in Table II for
De~189, p?=-20.000 and x=0.1. It is observed that for De~ 55, the divergence of the
values of fRe, obtained using the grids 21 x 11 and 101 x 51, is about 0.105% in the CVP(i)
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Table I. Results for fRe obtained by CVP(i), CVP(ic), CVP(r) and PLEM methods, for
flows with De~55 (pi=—-19000, x=0.01) and various grids.

Method CVP(i) CVP(ic) CVP(r) PLEM

Grid fRe fRe fRe fRe
21 x 11 17.2252 17.2811 — 17.3741
41 x 21 17.2246 17.2783 17.2612 17.2314
51 x 26 17.2207 17.2709 17.2546 17.2126
61 x 31 17.2055 17.2583 17.2313 17.1923
81 x 41 17.2072 17.2281 17.2157 17.1568
101 x 51 17.2071 17.2388 17.1938 17.1589

Table II. Results for fRe obtained by CVP(i), CVP(ic) and PLEM methods, for flows with
De~189 (pi=-20000, x=0.1) and various grids.

Method CVP(i) CVP(ic) PLEM

Grid fRe fRe fRe
21 x 11 24.2143 24.1968 25.8000
41 x 21 25.0023 25.0340 25.2550
51 x26 25.0810 25.1222 25.1800
61 x 31 25.1164 25.1646 25.1384
81 x 41 25.1361 25.1848 25.0910
101 x 51 25.1334 25.1794 25.0720

version, 0.245% in the CVP(ic) version, 0.39% in the CVP(r) version and 1.254% in the
PLEM method. The corresponding divergence for the results obtained with De ~ 189 is 3.67%
in the CVP(i) version, 3.93% in the CVP(ic) version and 2.8% in the PLEM method. In
conclusion the effect of the grid size although insignificant for small Dean numbers, increases
as the Dean number increases. In general, the effect of the grid size on the results obtained
by the three versions of the CVP method, for the same parametric values, is marginal. The
increase of the grid size increases the accuracy of the numerical results and improves the
conditions for the convergence of the numerical method. The decrease of the steps Ax and Ay
results to the decrease of the grid Peclet numbers u; Ax, w3 At to values lower than the critical
value Pey=2 at each grid point. Thus, in the diagonal systems of the algebraic equations
representing the discretized Navier—Stokes equations, the condition of diagonal dominance is
satisfied, eliminating spurious oscillations from the solutions.

The differences between the results obtained by the CVP versions for fRe are small. Thus
for De =55 and x=0.01, the difference of the results obtained with the CVP(i) and CVP(ic)
schemes is about 0.183%, for those obtained with CVP(i) and CVP(r) is about 0.061% and for
those obtained with CVP(ic) and CVP(r) is about 0.134%. Similar results are obtained when
the curvature is x =0.1. When the convection and diffusion terms in the pressure correction
equations are taken into account by the three CVP versions, the observed differences of the
results for fRe are smaller than +0.2%. In Figures 2 and 3 the effect of the grid size on the
total number of time iterations and on the required CPU time, using a Pentium III 800MHz, are
shown, respectively. Hereafter, the presented results have been obtained with a grid 81 x 41,
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Figure 2. Dependence of time iterations for convergence on the grid size
for the CVP and PLEM methods.

except if it is defined otherwise. From Figures 2 and 3 it is observed that the number of time
iterations and the CPU time decrease when the diffusion terms are taken into account in the
pressure correction equations.

5. RESULTS AND DISCUSSION

The CVP(i) and PLEM results for the axial velocity component u;/U, along the vertical
yy' (x=0) axis are shown in Figure 4, for flows with Dean numbers De =55189 and x=0.1.
The differences of the results of the two methods are particularly small for the axial velocity.
However, these differences increase substantially for the transverse velocity components u;
and u3 as the Dean number increases.

The profiles of u, and u; along the y)y’-axis (x =0) of symmetry for De =55 and 189 are
shown, respectively, in Figures 5 and 6. As the Dean number increases to higher values, the
velocity u, changes drastically, decreasing in the region y<0.35 and increasing substantially
for y>0.35. In addition, although the distribution profile of u3 is reversed, its magnitude is
much less affected by the increase of De. The observed behaviour of the transverse velocities
is due to the appearance of an additional pair of vortices in the secondary flow above a critical
Dean number.

In Figures 7 and 8, the profiles of the axial velocity u;/U, are shown with respect to the xx’
and y)’ axes, respectively, for various Dean numbers and are compared with those obtained
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Figure 3. Dependence of the CPU time on the grid size for the CVP and PLEM methods.
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Table IV. Values of f¢/fs and De for various values of p; when x=0.1, by various methods.

CVP(i) CVP(ic) CVP(r) Cheng [10] Hwang [11] Bolinder [22] Dong [14]

Pg Sfelfs/De  fo/fs/De  fe/fs/De  fe/fs/De Se/fs/De Selfs Selfs/De

~50000  2.002/ 2.016/ 2.012/ 2.11 2.002 1.929 —
277.46 275.55 276.15 262.7

—55000  2.047/ 2.063/ 2.058/ 2.15/ 2.053 1.983 —
298.55 296.3 297 283.4

80000  2.228/ 2.247/ 2.245/ 2.44/ 2.273 2.235 2.36/
398.9 395.7 395.9 364.3 376.6

—~10000  2.345/ 2.359/ 2.369/ — 2.418 241 —
437.82 4711 469

by Cheng et al. [10]. The maximum value of the axial velocity #;, which appears near the
outer wall for small Dean numbers, progressively moves to the centre of the x-axis whereas its
magnitude decreases as the Dean number increases. This is due to the corresponding increase
of the transverse velocity components.

Denoting by f. and f the friction factors corresponding to curved and straight square
duct, the values of the ratio f./fs and of the Dean number De are presented for various axial
pressure gradients p? in Table III for x =0.01, in Table IV for k=0.1 and in Table V for
Kk =0.25. The average value fR.=14.23 for the straight square duct has been estimated by
an analytical formula. The results obtained with the CVP(i), CVP(ic) and CVP(r) versions
are compared with those obtained by Cheng et al. [10], Komyiana et al. [13], Hwang et al.
[11] using the vorticity—free stream formalism, by Duh e al. [16] using a velocity—pressure
formalism with a non-staggered mesh, by Chen et al. [21] using a finite element method and
by Bolinder et al. [22] and Dong et al. [14] using versions of the SIMPLE method with a
staggered mesh. The percentage differences between the results obtained with the CVP(i) and
CVP(r) schemes are very small, i.e., of the order 0.55%. Similar differences are observed
between the results of CVP(i) and CVP(ic) versions.

In Table III for k=0.01 and De varying from 55 to 334, the average percentage difference
of the friction ratio results obtained with the CVP(i) version and those obtained by the
methods of Chen, Koniyama, Duh, Hwang and Bolinder are of the order of 1.6, 0.9, 1.24,
1.19 and 2.54%, respectively. Similar differences are observed for the results obtained with the
CVP(r) version. In Table IV for k =0.1 the average percentage differences of the friction ratio
results obtained with the CVP(ic) scheme and those obtained by the methods of Bolinder and
Hwang are of the order of 1.55 and 1.49%, respectively. Analogous differences are observed
in Table V for x =0.25.

The discrepancies between our CVP results and those obtained by Chen, Duh, Komiyama
and Bolinder are smaller than 3%. However, the results of all these methods, including the
CVP versions, differ from the results obtained by the methods of Cheng and Dong by more
than 8% and particularly for De>202. The small differences between the various methods
can be justified on the bases of different approximations, methodologies and grids. However,
the aforementioned large differences cannot be easily understood.
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Figure 9. The friction ratio f./fs versus the Dean number.

As the axial pressure gradient p? decreases from —5x 10* to —10 x 10* the ratio f./f
increases about 27% when x=0.01, 17% when k=0.1 and 22% when k =0.25. The clear
effect of the curvature on the flow can be understood for a given value of p?. For instance
for p?= —55.000, as x increases from 0.01 to 0.1 and subsequently to x =0.25, the value
of f./fs increases, respectively, about 34.7 and 7.5% and similarly the Dean number De
increases, respectively, about 134.8 and 51.5%.

The variation of the friction factor ratio f./fs with respect to the Dean number De is
shown in Figure 9 for kx=0.01, 0.1, 0.25. It is observed that the curves present a slightly
steep increase in the range of Dean numbers 110—120. This is due to the presence of an
additional counterrotating pair of vortices which appears near the central part of the outer
wall as it is shown in Figures 10(a) and 10(b) for flows with k=0.1 and De =88 188.
The appearance of the second pair of vortices is due to the balance between the centrifugal
forces and the action of the pressure gradient across the x-direction. However, the appearance
or not of additional vortices depends on the instability between the aforementioned forces.
The predicted values by various methods for the critical Dean number De., above which a
second pair of vortices appears in the secondary flow, are shown in Table VI. The CVP
method predicts a value De. =~ 118 which does not depend on the curvature. It seems that the
critical value De., above which the flow solutions bifurcate depends strongly on the applied
numerical methodology, the imposition or not of boundary conditions on the symmetry-axis,
separating the upper from the lower part of the cross-section and the kind of the studied
flow i.e., the fully developed or the developing flow. The distributions of pressure for flows
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Figure 10. Effect of the Dean number on the secondary flow for x

Table VI. Critical values of Dean number predicted by various methods, above which

a second pair of vorticies appears.

Methods

Critical Dean number

De,

Cheng et al. [10]
Hwang and Chao [11]

202

113.75
125

Duh and Shih [16]
Chen and Jan [21]
Kamiyama et al. [13]

133.9
124
152

Joseph et al. [24]

Ghia et al. [23]
Bolinder and Sunden [22]

125

130

Present, CVP Method

118

0.1 and De=140317 are shown in Figure 11. Near the outer wall and the xx’-

with x

0) of symmetry the appearance of the second pair of vortices deforms the pressure

distribution.

axis (y

Int. J. Numer. Meth. Fluids 2004; 45:1269—-1289

Copyright © 2004 John Wiley & Sons, Ltd.



1288 P. M. HATZIKONSTANTINOU AND V. D. SAKALIS

8000

4000

LRLREZZ
LIALTAZ 2%
LT
\\\\\\\\\\\\::\ \“‘\““‘Q.Q’Q:Q::Q’:"z"z"""'i’
““&*\%&““\\\s‘:&:‘:@'zz’:&iz‘%%z"ii
o0 ¥4
SR ~:'0"'0'0"“"""‘Q
00
X2
55
X

9%
o020 %

IR

WSt

QSRR SO SSRSS xs\

TN SIS
NS >

TN

symetry line

etent et
‘3‘33\33\\\\‘
S>>
RS

0.0
to the center of curvature

(a)

Pressure profile, De=317

60000

40000

20000 o

:? T o

= SRR

S N NN e

LRI TSSOSO

it

RN OSOSS
R

SRR
SRR
OSSN
RRESSS
RIS
TSSO,
SRR
\:::::::s:‘
]SS

-20000
-0.4

symem

0.0

mter of curvature

Figure 11. Transverse pressure profiles for k =0.1.
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6. CONCLUDING REMARKS

The fully developed laminar incompressible flow is approached successfully by the new CVP
method which is more easily applicable to complex internal flows, using a co-location grid
without the introduction of spurious oscillations in the solutions. The method using primitive
variables involves the vorticity variational equation which is much easier to obtain than the

vorticity equation and particularly in complex geometries.
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The analysis reveals an additional pair of secondary vortices for Dean number De = 120.

Within the scope of the present investigation it was found that the secondary vortices disappear
or appear in a wide region of Dean numbers because of the instabilities of the acting forces
on the fluid. At much higher Dean numbers the additional vortices disappear.

—

10.

11.

13.

14.

16.

17.
18.

20.
21.
22.
23.
24.

The friction factor increases as the Dean number or the curvature x increases.
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